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Appendix A

Systems of Equations and

Inequalities

A.1 Introduction

Using equations to model real-world situations often requires two or more equa-
tions to reasonably describe the problem. A set of equations with common
variables is called a system of equations. For example,

�

2x � y = 3
x + 3y = 5

is a system of two linear equations in the variables x and y. A solution to a
system of equations is any set of values x and y which when substituted satisfy
both of the equations. You can check that a solution to this two by two system
is

x = 2 and y = 1:

In this Appendix we will show techniques for �nding simultaneous solutions of
systems of linear and non-linear equations, and consider graphic solutions for
systems of inequalities.

A.2 Systems of Two Linear Equations

A linear equation, ax + by = c, has a graph that is a line, so a system of two
linear equations,

�

ax + by = c
dx + ey = f;

corresponds geometrically to two straight lines. There are three possibilities for
solutions to the system.
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1. Consistent system: The lines have di�erent slopes and intersect at one
point, so the system has a unique solution.

2. Inconsistent system: The lines are di�erent but have the same slope
and do not intersect, so the system has no solutions.

3. Dependent system: The lines are identical and the system has in�nitely

many solutions.

The three possibilities are illustrated in Figures A.1 { A.3.
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Figure A.1:

Consistent

x � 3y = �2

2x � y = 1
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Figure A.2:

Inconsistent

x � y = �1

x � y = 1
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Figure A.3:

Dependent

x � 2y = �2

2x � 4y = �4

To solve a system, we use either the substitution method or the elimination

method. In the process of determining a solution, we �nd which type of system
we have.

Substitution Method

To solve a system by the substitution method, we use one equation in the
system to solve for one of the variables in terms of the other. This value is then
substituted in the second equation, reducing it to an equation in one variable.

Substitution Method

1. Use one of the equations to solve for one of the variables in
terms of the other.

2. Substitute the expression found in Step 1 into the other equa-
tion to form an equation in one variable, and solve for that
variable.

3. Substitute the value found in Step 2 back into the expression
found in Step 1 to �nd the value of the second variable.

EXAMPLE 1: Find all solutions of the system
�

2x � y = 1
3x � 2y = �1:
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Solution: Solving for y in the �rst equation gives

y = 2x � 1:

Now substitute for y in the second equation, so

�1 = 3x � 2y = 3x � 2(2x � 1) = 2 � x and x = 3:

Finally back-substitute x = 3 into the equation y = 2x � 1 to obtain

y = 2(3) � 1 = 5:

Thus, x = 3 and y = 5 is the unique solution to this consistent system. Figure
A.4 shows the two lines described by the system intersecting at (3; 5): �
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2x � y = 1

3x � 2y = �1

(3; 5)

Figure A.4:

EXAMPLE 2: Find all solutions of the system

�

3x � 2y = 3
6x � 4y = 10:

Solution: Solving for y in the �rst equation gives

�2y = 3 � 3x so y = �1

2
(3 � 3x) =

1

2
(3x � 3):

Substituting this value for y back into the second equation gives

10 = 6x � 4y = 6x � 4

�

1

2
(3x � 3)

�

= 6x � 6x + 6:

This leads to the false conclusion that 10 = 6, so there are no solutions to this
inconsistent system. �
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We could have concluded the system in Example 2 has no solutions without
using the substitution method. Notice that if we rewrite the two equations in
the system in the form y = mx + b we have

y =
3

2
x � 3

2
and y =

3

2
x � 5

2
:

The equations describe lines having the same slope, so the lines are parallel as
shown in Figure A.5, and they do not intersect.
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3x � 2y = 3

6x � 4y = 10

Figure A.5:

EXAMPLE 3: Find all solutions of the system
�

3x � 2y = 3
6x � 4y = 6:

Solution: The equations in this system are similar to those in Example 2,
but now the second equation is exactly twice the �rst equation, and the two
equations describe the same line. All points on the line satisfy the system, so
the system is dependent. This can also be seen if we solve the system by the
substitution method. Solving for y in the �rst equation gives

�2y = 3 � 3x so y =
1

2
(3x � 3);

and substituting this value for y back into the second equation gives

6 = 6x � 4y = 6x � 4

�

1

2
(3x � 3)

�

= 6x � 6x + 6;

an identity that is true for all values of x and the corresponding value of y =
1

2
(3x � 3). �

Elimination Method

To solve a system using the elimination method, we multiply each equation by an
appropriate constant so that when the equations are added, one of the variables
is eliminated.
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Elimination Method

1. Multiply one or both equations of the system by appropriate
constants so that the coe�cient of one of the variables in the
�rst equation is the negative of the coe�cient of that variable
in the second equation.

2. Add the two equations to eliminate one of the variables and
obtain a linear equation in the other variable.

3. Solve the equation obtained in Step 2.

4. Substitute the value found in Step 3 back into either of the
original equations to solve for the second variable.

The elimination process is valid because certain operations performed on the
equations of a system produce an equivalent system, that is, a system with the
same solutions.

Equivalent Systems

An equivalent system results if:

1. Two equations are interchanged.

2. One or more equations are multiplied by a constant.

3. Two equations are added.

EXAMPLE 4: Use the elimination method to �nd all solutions of the system
�

2x � y = 1
3x � 2y = �1:

Solution: Multiplying all the terms in the �rst equation by �2 makes the
coe�cient of the y-term of the �rst equation the negative of the y-term of the
second. This produces the equivalent system

�

�4x + 2y = �2
3x � 2y = �1:

Adding the corresponding terms in the two equations gives

�x = �3 so x = 3:

Substituting x = 3 back into the �rst equation and solving for y gives

2(3) � y = 1 so y = 5:
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Hence, the solution to the system is x = 3 and y = 5, the same as we found in
Example 1 when we solved this system using the substitution method. �

In the previous example we were able to eliminate one of the variables by
multiplying just one of the equations by an appropriate integer. The next ex-
ample illustrates the more common situation when, to avoid multiplying by a
fraction, we multiply each of the equations by an integer.

EXAMPLE 5: Find all solutions of the system

�

2x + 3y = 2
3x � 4y = 20:

Solution: To eliminate the variable x, we multiply the �rst equation by 3
and the second equation by �2, so the coe�cient of x in the second equation
will be the negative of the coe�cient of x in the �rst equation. Adding the two
equations in the resulting equivalent system

�

6x + 9y = 6
�6x + 8y = �40;

produces

17y = �34 so y = �2:

Substituting y = �2 back into the �rst equation in the original system gives

2x + 3(�2) = 2; so x = 4:

Hence the lines described by the system intersect at (4; �2), as shown in Figure
A.6. �
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3x � 4y = 20

2x + 3y = 2

(4; �2)

Figure A.6:

We could as easily have solved the system in Example 5 by �rst eliminating
the variable y. To do this we would multiply the �rst equation by 4 and the
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second by 3 to produce the equivalent system
�

8x + 12y = 8
9x � 12y = 60:

Adding gives

17x = 68; so x = 4; and y =
1

3
(2 � 2x) =

1

3
(2 � 8) = �2:

EXAMPLE 6: A saline solution containing 6% salt is to be mixed with one
containing 10% to obtain 5 liters of a 7% saline solution. How many liters of
each solution are required?

Solution: Let x denote the number of liters of 6% solution required and y
denote the number of liters of 10% solution required. Then 0:06x is the amount
of salt in the �rst solution, 0:1y is the amount of salt in the second solution,
and (0:07)5 = 0:35 is the amount of salt in the �nal solution. This information
gives the system

�

x + y = 5
0:06x + 0:1y = 0:35:

Multiplying the second equation by 100 gives the integer coe�cient equations
�

x + y = 5
6x + 10y = 35:

To eliminate the variable x, multiply the �rst equation by �6
�

�6x � 6y = �30
6x + 10y = 35;

and add the equations to give

4y = 5; so y =
5

4
and x = 5 � 5

4
=

15

4
:

So 15

4
liters of the 6% solution and 5

4
liters of the 10% solution are required. �

EXAMPLE 7: A farmer has 100 acres on which to grow carrots and onions.
Each acre of carrots requires 400 hours of labor, each acre of onions requires 300
hours of labor, and 34,000 hours of labor are available. Find the number of acres
of each crop that should be planted, assuming that all the land and labor is used.

Solution: Let x denote the number of acres of carrots and y the number of acres
of onions. Then 400x is the number of hours of labor required for carrots and
300y the number of hours of labor required for onions. The given information
implies the system

�

x + y = 100
400x + 300y = 34000:
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If we use the substitution method to solve the �rst equation for y, we have

y = 100 � x:

Substituting this value back into the second equation gives

34000 = 400x + 300(100 � x) = 100x + 30000:

So
x = 40 and y = 100 � 40 = 60:

The farmer should plant 40 acres of carrots and 60 acres of onions. �

Exercise Set A.2

In Exercises 1{26, determine if the system of equations is consistent, inconsistent
or dependent, and �nd all solutions for the system.

1.

�

x � y = 2
2x + 3y = 9

2.

�

2x � 3y = �1
4x � y = 3

3.

�

x � 2y = �4
x + 4y = 2

4.

�

2x + y = 1
6x + y = �3

5.

�

2x � 5y = 6
5x � 2y = �6

6.

�

2x � 3y = �3
2x + 3y = �9

7.

�

x � y = 2
3x � y = 4

8.

�

x + y = 1
x � 3y = 9

9.

�

4x � y = 4
2x + y = 2

10.

�

x � 2y = �2
x + 2y = �2

11.

�

x + y = 1
x + 3y = 3

12.

�

x + 2y = �2
x � 3y = 3

13.

�

x + 2y = 4
3x + 4y = 9

14.

�

4x + y = �3
4x + 9y = 13

15.

�

x � 3y = 4
3x + 7y = 4

16.

�

16x + 9y = �39
10x � 27y = 30

17.

�

6x � 11y = �12
14x � 3y = 6

18.

�

32x + 21y = �10
26x � 3y = �75

19.

�

x + y = 1
x + y = 2

20.

�

x � y = 2
x � y = 1




